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Abstract 

We consider a circular string with spin S in AdS^ wrapped around big circle 
of and carrying also momentum J. The corresponding = 4 SYM operator 
belongs to the SL{2) sector, i.e. has ix{D^ Z'^) + ... structure. The leading large 
J term in its 1-loop anomalous dimension can be computed using Bethe ansatz 
for the SL{2) spin chain and was previously found to match the leading term 
in the classical string energy. The string solution is stable at large J, and the 
Lagrangian for string fluctuations has constant coefficients, so that the 1-loop 
string correction to the energy Ei is given simply by the sum of characteristic 
frequencies. Curiously, we find that the leading term in the zero-mode part of 
El is the same as a 1/J correction to the one-loop anomalous dimension on the 
gauge theory (spin chain) side that was found in hep-th/0410105 , However, the 
contribution of non-zero string modes does not vanish. We also discuss the "fast 
string" expansion of the classical string action which coincides with the coherent 
state action of the SL{2) spin chain at the first order in A, and extend this 
expansion to higher orders clarifying the role of the winding number. 
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1 Introduction 



Study of semiclassical rotating strings in AdS^ x which extended earher work [H |2] 
to cases with several large angular momenta have led to interesting developments in 
understanding and checking the AdS/CFT duality. The classical energy of such strings 
has "regular" expansion [SJ E] in the effective coupling X = i.e. E = J(l + cijy + 

C27T + ■■■), where J is total angular momentum and A is the square of string tension 
or the 't Hooft coupling on the SYM side. This prompted a possibility j3] of direct 
comparison with perturbative anomalous dimensions of the corresponding single-trace 
operators in AA = 4 SYM theory. 

Indeed, the precise agreement was established at the first two leading orders in A 
El El El El (for reviews and further references see (TUl HH [121 UHl HI] ) • This agreement 
was found to break down (as in the near-BMN [3 E| case JH]) at the next A^ order 
[Hlin]- A natural explanation is an order-of-limits problem jHlEICHlCS|: on the string 
side one first takes J to be large to suppress quantum (a') string corrections and then 
expands E/J in X = (so that A is effectively large), while on the SYM side one 
uses perturbation theory in A and then expands each loop correction to anomalous 
dimensions in 1/ J. The exact agreement at the first two leading orders appears to be 
due to a special structure of the one- and two-loop dilatation operator in AT = 4 SYM 
theory [201 |2I1 1221 should be essentially a consequence of large supersymmetry of 
the theory. 

To understand how one may still preserve the equality between the exact string 
energies E{J, A) and the exact SYM anomalous dimensions A(A, J), i.e. to explain the 
interpolation between the perturbative string and the perturbative SYM expressions it 
is important to go beyond the classical string theory and compare the 1-loop corrections 
to string energies to subleading in 1/ J terms in the SYM anomalous dimensions. This 
is also important in order try to provide more data for checking a non-perturbative 
Bethe ansatz proposal of jlHI- 

On the string side, the computation of 1-loop corrections to classical string energies is 
relatively straightforward for a special class of "homogeneous" circular strings [31123] for 
which the fluctuation Lagrangian has constant coefficients [231 122] • On the SYM side, 
finding the corresponding subleading 1/ terms in the one- loop anomalous dimensions 
amounts to computing corrections to the thermodynamic limit of the Bethe ansatz 
equations and was previously done in the SU{2) sector [2S| only for a special state 
corresponding to a circular string rotating in with two equal angular momenta [3]. 
The latter solution is, however, unstable [31 1231; i\^aX the 1-loop correction to its 
energy contains formally an imaginary part. Then a mismatch between its real part 
[2n] and a real SYM expression of |25j may be viewed as an inconclusive evidence of a 
disagreement. 

Here we shall perform a 1-loop string computation very similar to the one carried 
out in [231l2n| but for a stable circular 2-spin string solution found in [23] ■ In conformal 
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gauge, it is represented by a string of fixed radius (wound k times) lying on a plane 
in AdS^ and rotating along itself so that it carries one component S of spin in AdS^,. 
The string is also wound (m times) around a big circle of 5"^ and is rotating along itself 
with momentum J (the "level matching" constraint implies that kS + mJ = 0). The 
fast enough rotation stabilizes this solution. This configuration may be visualized as 
a circular spiral.^ It is an AdS^ x 5*^ analog of a closed string in flat Rj x x 
space-time which is wrapped k times on a constant-radius circle in R^ and also m times 
on 5*^ and rotating along itself in each circle (alternatively, the flat-space solution may 
be viewed as a left-moving wave along a circular string wrapped on and it thus 
represents a BPS state; the AdS^ x solution is no longer BPS). 

The classical energy of this {S, J) string solution has the following expansion at large 
J with fixed f ^ : 

i?o = J + 5 + ^f(l + f) + 0(^). (1.1) 

The corresponding SYM operator belongs to the closed SL{2, R) sector in which the 1- 
loop SYM dilatation operator is the same as the Hamiltonian of the SL{2) Heisenberg 
spin chain with length L = J |2Z|, i.e. it has the structure trlD^Z"^) + where one 
is to sum over orderings of D's and Z's to get an eigen-state of the dilatation operator 
{D = Di-\- iD2 is a covariant derivative in R^ and Z = (f)i + i(f)2 is a chiral combination 
of SYM scalars). The analysis of the thermodynamic limit of the 1-loop SL{2) spin 
chain Bethe ansatz equations showed j2H] that there is indeed a SYM state whose 1- 
loop anomalous dimension A{S, J; A) matches precisely the order A term in ()1.1|) . A 
subleading 1/J^ term in the 1-loop part of A can be found |2H1 as in the SU{2) sector 
P3] from the correction to the thermodinamic limit of the Bethe ansatz equations. It 
turned out to be given simply by the leading-order term multiplied by — 1/J, i.e. |2H] 



^ . k S . ^ S . 
A = A--(1 + -) 



1 1 ^, 1 > 



+ 0(A=). (1.2) 



Our aim below will be to compute the 1-loop string correction Ei to the energy (jl.lj) 
of the circular {S, J) string solution. We shall find that, as expected the 1-loop 
correction is suppressed compared to the classical expression p.lj) by an extra power 
of J, and will compare the coefficient of the order term in Ei to the coefficient of 
the term on the SYM side (IT^ . 

As in the SU{2) case considered in j26j, we shall conclude (in sect. 4 below) that there 
is an apparent disagreement between the subleading in 1/ J string result of this paper 
and the spin chain result of |23I2HI- A curious observation is that the agreement would 
hold if we were to keep only the contributions of the zero modes of the string fluctua- 
tions, i.e. to consider a "homogeneous" approximation in which the string fluctuations 
depend only on r but not on a. 

^This is a fixed time profile of the string, so a more appropriate name would be a "spiral string". 
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One may think, of course, that there is no a priori reason to expect the exact agree- 
ment, and, as in [SI [13 [20], any disagreement should be attributed to the different 
order of hmits taken on the gauge theory and the string theory sides of the AdS/CFT 
duahty.^ In particular, the spin chain Bethe ansatz and the string theory computa- 
tions of the subleading 1/ J corrections are not directly related: while the Bethe ansatz 
approach does reproduce part of the spectrum of the bosonic string fluctuations near 
a given semiclassical solution j^l [2H] 5^ the string 1-loop computation involves summing 
over all bosonic and fermionic modes. ^ 

Before turning to the computation of the one-loop correction to the energy of the 
circular solution we shall start (in sect. 2) with a discussion of the "fast string" limit of 
the classical string action in the SL{2) or (S", J) sector. The comparison of the reduced 
sigma model appearing in the "fast string" limit of the string action to the coherent- 
state ( "Landau-Lifshitz" ) action on the ferromagnetic spin chain side provided a simple 
and universal way of matching the string and gauge theory semiclassical states as well 
as near-by fluctuations [3U','3Il[Sa[SSl[Ml[S3[Sni[SIl[SH]-^ In the SLi2) sector that was 
done in [S3] and also in [36j. Below we will extend the derivation of the string action 
limit in [23] to the next order of expansion in -j^ and will also include the general case 
of string configurations with non-zero winding number m in the C direction. 
The spin-chain coherent state action cannot depend on m, and, indeed, m does not 
appear also in the relevant limit of the string sigma model action; instead, it classifies 
particular solutions of the resulting "Landau-Lifshitz" equations. In particular, we 
shall explain (in sect. 3) how the circular (S*, J) solution of jSH] which has m 7^ 
can be obtained from the SL{2) "Landau-Lifshitz" equations (order by order in ^). 
Closely related aspects of the general m 7^ sigma model solutions in the SL{2) sector 

^There may be potential subtleties related to how one takes limits in the (A, J) parameter space 
|17|. In the cases of subleading 1/ corrections to the BMN point-like state and the 1/J corrections 
to the spinning strings the disagreements could, in principle, start already at order A |26[|19, . Still, 
one could hope, by analogy with what was found for the large J correspondence, that disagreements 
should start only at order A^ (e.g., due to a specific structure of the 3-loop SYM dilatation operator). 

■^There are two type of string fluctuations near circular spinning strings (see |H I24j and below): 
whose frequencies scale at large = as (i) w^^^^ ^ + y and as (ii) w^^-' ~ -j (the corresponding 
energies are 6E y). Fermionic frequencies belong to the first type. The first ("BMN") type of 
fluctuations correspond to deformations away from a particular (SU{2) or SL{2)) sector, and are not 
"seen" directly in the Bethe ansatz equations for the corresponding spin chain. The second type of 
fluctuations correspond to deformations within a given sector and are captured by the spin chain 
[3 l2Ei Mi and the corresponding coherent state ( "Landau-Lifshitz" ) action |3l)[ I31L |S21 ■ 

*In the Bethe ansatz approach fluctuations near a given semiclassical state described by a smooth 
Bethe root distribution arc obtained by pulling one Bethe root out of a continuous distribution [5j. 
Summing over fluctuations would look like averaging over a set of Bethe states, which is not what was 
done in 25 to compute the 1/J correction. We are grateful to K. Zarcmbo for this remark. 

complementary approach demonstrating general agreement between the string and gauge theory 
semiclassical states at the two leading orders in A is based on directly relating the thermodynamic 
limit of the Bethe ansatz equations to the integral equation representing the general integrability-based 
solution of the corresponding sector of the classical AdSc^ x sigma model j^l |2HI I39L 1401 141L 02] • 
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and their relation to the Bethe root distributions on the spin chain side were discussed 



The circular string state of SL{2) sector discussed in this paper may be of interest 
also in a more general context of gauge-string duality. Similar solutions exist in any 
space with AdS^ x part, e.g., in AdS^ x S*^ which is relevant for a description of 
less supersymmetric 4-d conformal theories I43J. Also, the corresponding operators in 
the SL{2) sector of A/" = 4 SYM have direct connection to operators appearing in pure 
YM or TV = 1 SYM theory gH. 

We shall start in section 2 with a discussion of large J expansion of the classical string 
action in the SL{2) sector, then in section 3 review the {S, J) circular string solution, 
and, finally, in section 4 present the computation of the 1-loop string correction to 
its energy. In Appendix A, which is a generalization of section 2, we shall discuss 
the "fast string" limit of the AdS^ x 5*^ sigma model in a more general case of five 
non-vanishing spins. In Appendix B we shall give some details of computation of 
fermionic characteristic frequencies used in section 4. In Appendix C we shall discuss 
the Landau-Lifshitz frequencies for the {S, J) solution. 

2 "Fast-string" limit of string action in SL(2) sector 

The SYM operators from the SL{2) sector form a closed set under renormalization to 
all orders in perturbation theory in A [13 123 El • As in the SU (2) sector [101121], here it 
makes sense to compare the string theory and a coherent-state spin chain Lagrangians 
at large spins to all orders in the coupling A = jj. This comparison was initiated at 
the leading order in Here using a non-conformal "homogeneous" gauge similar to 
the one used in the SU{2) case ES] we will show how to compute subleading terms 
in the expansion of the string action for a general {S, J) closed string configuration 
with a non-zero winding m along a big circle in (ref. [32] considered the m = case). 
The two-loop dilatation operator in the SL{2) sector is not known explicitly (yet the 
corresponding Bethe equations and the associated 1-d S-matrix were recently found in 
|19j). so a direct comparison of the A^ subleading term in the string action found below 
to the 2-loop term in the coherent state "Landau-Lifshitz" action on the spin chain 
side (along the same hues as in the SU{2) case ^Si) is not possible at present. 



Let us first set up our notation by recalling the bosonic part of the AdS^ x string 
action (see [1 HU] 1231 122]) 



in 2^. 




(2.1) 
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LAdS = -Ig^V'^d^Ypd.YQ + hiv'^'^YpYQ + 1) (2.3) 

where Xm (M = 1, . . . , 6) and Yp (P = 0, . . . , 5) are the embedding coordinates of 
and of R^'^ (the latter with the metric rjpq = (—1, +1, +1, +1, +1, —1)). Let us define 
3+3 complex coordinates: 

Yo = Y, + tYo, Y,=Y, + iY2, Y2 = Y, + iY,, Y^Y'^ = -1 , (2.4) 

Xi = Xi + 1X2 , X2 = X3 + iXi , X3 = X5 + tXe , X*Xi = 1 . (2.5) 

Then the AdS^ x metric is ds"^ = dY*dY'' + dX*dXi where r, s = 0, 1, 2 and k = 
1, 2, 3 (Y*" = 77" Ys, with 77'"** = (—1, 1, 1)). In terms of the usual global time, radial and 
angular coordinates one has 

Yo = cosh p Yi = sinh p sm9 e'^\ Y2 = sinh p cos 9 e'^^ (2.6) 
Xi = sin 7 cos tfj e''^' , X2 = sin 7 sin tfj e*^^ , X3 = cos 7 e*'^^ . (2.7) 

Separating the common phases of Y^, and Xj 

Y, = e'Wr, Xi = e'^'Ui, V*V = -1, U*Ui = 1 , (2.8) 

the AdS^ X metric becomes: 

ds"^ = -{Dyf + {Daf + D*V;DV + D*U*DUi (2.9) 

where 

Dy = dy + B, DVr = dVr - iBVr , B = iV;dV'', (2.10) 

Da = da + C , DUi = dUi - iCUi , C = -iU*dUi . (2.11) 

In what follows we shall consider the string configurations in the {S, J) sector where 
the strings may wound around and move along a big circle in and may also move 
in (1,2) plane in AdS^, i.e. 

X = Xi = e^", X2 = X3 = (2.12) 

Yo = e'Wo = coshp e'\ Yi = e'Wi = sinhp e^'^^ Y2 = . (2.13) 

We may fix the obvious U{1) symmetry of Y^: U ^ U — Xi Vr ^ e^^Vr (from now 
on we will assume that r, s = 0, 1) by the following choice of y 

y = t, (2.14) 

so that Vq = coshp, Vi = sinhp e*^'^^"*-'. Then the Lagrangian in 1)2.11) reduces to 

L = -\^9 9"' i-DatDbt + daad,a + DIV,* D,V) . (2.15) 
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As in |31J the idea is to assume that the string is moving fast and gauge fix t and the 
momentum conjugate to the "fast" coordinate a, getting an effective action for the 
"slow" transverse coordinates Vr only. 

The conserved charges corresponding to the translations in t, rotations in ArfS's or 
Yi e*^Yi and translations in a 

E = VXS, S=^/XS, J=\f\J (2.16) 

are given by 

/■27r A(y 

e-S = \ —vu Pt = -V^g'^Dj , (2.17) 

Jo 27C 

r27T rjrr j 

S = - —^gg'^'lV^V^D^t - i-V*D,V^ + c.c.)] (2.18) 

Jo 271 I 

:7 = / — p„ , Vc. = -^g''' daa . (2.19) 

JO ivr 

Following 35], we may replace a by the dual coordinate a 

^^g<^i>Q^^ ^ _^abQ^~ _ ^2.20) 

Solving for the 2-d metric gab in ()2.15|) we get the Nambu-type Lagrangian 

L = -\fh , h = \ det/i„b| , (2.21) 

K^, = -DatD.t + da&d^a + DIX*D,)V' (2.22) 

To fix the world-sheet reparametrization freedom we choose, as in [SBISSl, the following 
two gauge conditions 

{i) t = T , {ii) a = Ja , i.e. Pa = J = const . (2.23) 

The first ensures that the space-time and the world-sheet energies are the same; the 
second implies that J is distributed homogeneously along the string coordinate a (which 
is the case on the spin chain side). Then the string action becomes 

I = j[dTr^L, L = -J~'Vh, (2.24) 

J Jo ZTT 

With {Ba = tv;davn 

h = (:72-i?2+|DiKf)[|i5oK-|'-(l+i?o)']-[^(^oK*^i^'^+c-c.)-i?i(l+i?o)]'- (2.25) 

The next step jHIH EHl IHI] is to expand in large J' assuming that higher powers of time 
derivatives of Vr are suppressed. To define an expansion in ^ = ^ = A it is useful to 
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rescale r so that the leading order term does not contain A: r — > J'^r , do -j^do- 
Then 



-j2_5o--|Av;| 



(2.26) 



+ 



\D^VX + 4|DoKr - 45o|DiK-r + 45i(D*y;Dil^^ + c.c.)\ + 0(— 



Finally, we may eliminate the time derivative terms by field redefinitions jSI] or, to 
leading order, simply using the "Landau-Lifshitz" equation [SBj following from ()2.2fi|l ^ 



idoV - -dfV - diVdiVV; - -di{diV'V;) V + 0{— 
2 2 j'^' 



. 



We get 



(2.27) 



(2.28) 



1 



8J^ 



4|DiK-r + \DtV\' - 2(V;9iK) I AKI - 2{V;diVsDiVWlV; + c.c.) 



As was shown in [33j, the first non-trivial (order J'^) term here matches the coherent- 
state effective action following from the 1-loop dilatation operator in the SL{2) sector 
|27[ 1^ (the Hamiltonian of the SL{2) Heisenberg ferromagnetic). 

Rescaling back r ^ -^r, we find that the corresponding 2d energy or Hamiltonian 
is (in view of our gauge choice t = r, is the same as the E — S in ()2.19|) ) 

E-s = j + A / ^|D,Kr 

ZJ Jo Zn 



A2 da 
8J^ Jo 2^ 



4|DiKr + l^iKI - 2{v;divy\DiVr\' (2.29) 



-2{V;diV'DiV'Dlv; + c.c.) 

The expression for the spin S in ()2.18|) expanded in large is JT" 
r^^ da. 



+ 0{ 



A3, 
J5- 



Jo Z7l 



+ 



da 



ViV*\DiVr\'^ - Bi{iV*DiVi + c.c.) - iiV*DoVi + c.c.) + O 



(2.30) 
'J-) 



2 J Jo 2ti 

where the time derivatives should be again eliminated using fl2.27|) . 

^To obtain this equation one should vary (|2.26|l taking into account the constraint V^V* = — 1 
(which may be imposed using, e.g., a Lagrange multipher). 
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In the above discussion a was assumed to be a general function of r and cr, which, 
due to the periodicity condition, should be subject to 

l'2iT 

a{a + 2n,T) = a{a,T) + 27im , i.e. / ——dia = m, (2.31) 

JO 271 

where m is an integer winding number along the circle. A possible winding along 
the AdS^ circle is (by our choice of y = t = t) absorbed into Vi. Using ()2.23|) . (12.201) we 
find m = — J Jq^ ^V~9 9^^i ^^'^ after plugging in the expression for the 2-d metric 
9ab = hah in ()2.22|) we conclude that 

m = -J r , hoi = -Bi{l + Bo) + 1-{D;v;DiV' + C.C.) . (2.32) 

Jo 271 y'h 2 

This is an additional constraint which should be imposed on any particular solution of 
equations following from ()2.28p . Expanding this condition for large and eliminating 
time derivatives using ()2.27p we get 

r2-K rjn /' 1 1 \ 1 

^ = 1 ^ [^y:div^ - + -mv^iv; + c.c.)]j + o(— ) . 

(2.33) 

We conclude that while the winding number m does not enter the effective La- 
grangian, it appears in the constraint on its solutions. This is in agreement with the 
spin-chain side considerations where m enters a constraint on Bethe roots but not the 
algebraic Bethe equations |2H1 or the coherent-state effective action [5^ . 

A similar procedure of taking a "fast-string" limit of the string action can be applied 
in a more general case of 5 non- vanishing spins {Si, S2, Ji, J2, J3)', we shall discuss it in 
Appendix A.^ 



3 Circular string solution in AdSs x C AdS^ x 

In this section we shall review a remarkably simple circular string solution of (j2.H) 
found in j2S] representing a particular semiclassical {S, J) state in the SL{2) sector. 
The string is positioned in a plane in AdS^ and is also wrapped on 5*^ in AdS^. As we 
shall explain below, this configuration (its expansion in large J') can be obtained also 
as a solution of the "Landau-Lifshitz" equations ()2.27p . 

It is useful first to discuss its flat-space analog by considering a closed string moving 
in X 5-1 instead of AdS^ x (then ds^ = -dt^ + dp^ + p^dcj)^ + R^da^, R is a 

''Even though the corresponding set of SYM operators is, in general, not closed under renormali- 
sation beyond one loop, it was argued in [Oj that non-closed sectors (like SU{3) and 50(6)) may be 
viewed as closed in the thermodynamic limit even at higher loops. It then makes sense to compare 
the corresponding anomalous dimensions or semiclassical effective actions they are described by to a 
limit of string theory action even beyond leading order in the effective coupling A. 
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radius of S^).^ Let us use conformal gauge and consider a rigid circular string lying in 

(with coordinates Yi, Y2) and rotating along itself while being also wound along 
and having non-zero momentum: 

t = KT , Y = Fi + iY2 = p e**^ , (j) = wr + ka , a = wt + ma , (3.1) 

The free string equations are solved if the string radius is constant, p =const, and 
w = —k > (another solution has w = k). The polar angle in is thus = \k\{T — a), 
i.e. \k\ may be interpreted as an integer "winding" in R^ (we shall assume that K,m 
and w are positive and k is negative), m is an integer winding number in and the 
linear momentum along is also quantized. This configuration is thus a closed string 
wound along 5"^ and having a left (or right) moving fluctuation along it (at fixed time 
the profile of the string is a spiral drawn on the (0, a) torus). The corresponding string 
state should thus be 1/2 BPS in the superstring theory. Indeed, the conformal gauge 
constraints imply 

= 2p^k'^ + R^{m^ + w'^) , -p'^k'^ + R^mw = , i.e. k = R{m + w) , (3.2) 

and the string energy E, the spin S in R^ and the momentum J are given by 

1 TniiJ 
iE,S,J) = -i£,S,J) , 8 = R{m + w), S = p^\k\ = R^-—, J = R^w , 
a \k\ 

(3.3) 

where is the string tension. The constraints ()3.2|1 expressed in terms of E,S,J,k 
are 

£ = R-^j + R\k\^ ^ kS + mJ = 0. (3.4) 

If we now replace R^'^ with the AdS^ subspace of AdS^ and consider a similar string 
configuration in AdS^ x we obtain the circular solution PH] in AdS^ x S^. It, 
however, will no longer be a BPS state, and will not reduce to the above fiat-space 
solution in the limit of large radius of AdS^ x 5*^. Indeed, here the radii of Ac/S's and 
are the same (with ^ = a/A), so that taking R large to approximate AdS-^ by R^'^ 
would also make the radius of large, which would correspond to sending the energy 
of the flat-space solution ()3.4|) to infinity. 

Let us now review this circular solution of the AdS^ x equations following from 
()2.1|) by using the conformal gauge. It is characterised by having constant Lagrange 
multiplies A, A and constant induced metric. Setting Y2 = 0, X2,X3 = (i.e. special- 
ising to the SL{2) sector ^J^,^;^ or to the motion in AdS^ x cAdS^ x ) 
one finds :^ 

Yo = ro e''^^ , Yi = ri e™"+^'=" , Xi = e™"+*'"" , (3.5) 

^Similar solution exists also in the twisted product ("Melvin") case of ds^ = —dt^ + dp^ + p'^{d(p + 
qda)^ + R^da^. 

^The AdS^ part of this solution can also be expressed in the Poincare coordinates {ds^ — 
^ a " ) as follows: xn = tan/tr, xi = tanhon — — - — X2 ~ tanhpn — — - — = 0, 

^ / ^ ' cos KT ^ ^ COS KT ^ ' 

^ cosh pq cos kt ' 
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To = coshpo , ri = sinhpo , - = 1 , (3.6) 

where Pq is a constant radius of the circular string, k and m are the winding numbers 
in the 2-plane in AdS^ and in S^, and w (which is no longer equal to k as in the flat 
space) and w are rotation frequencies of the string along itself.^'' 

Since the angles (pi = wr + ka and a = wr + ma in ()2.12j) . ()2.13|) (which correspond 
to isometries of the metric and thus enter the string Lagrangian only through their 
derivatives) are linear in the world-sheet coordinates, their derivatives are constant, 
and thus the induced metric and also all the coefficients in the fluctuation Lagrangian 
near this solution (to all orders in the fluctuations) are constant. The equations of 
motion imply: 

= + = u'^ + m^, u"^ = -A, = A . (3.7) 

In terms of the non-zero charges 

{E,S,J) = VX{£,S,J) , £ = tIk, S = ilw, J = w, (3.8) 
the conformal gauge constraints are (we assume that S, J',m > and k < 0) 

2k£ -k^ = 2VWT^S + J^ + m\ (3.9) 
kS + mJ = 0, (3.10) 

and ()3.6p gives also 

-- , ^ =1. (3.11) 

As implied by these relations, there are only three independent parameters, e.g., S, J ^ k 
(which are useful for comparison with gauge theory), or K,,ri,k (which are useful for 
finding fiuctuation frequencies discussed below in sect. 4). Eqs. ()3.9|) . ()3.10|) . 1)3.111) imply 
that in terms of n, k, ii 

1 

[K^ - 2k^Tl - 

(3.12) 

In terms of J ^ S and k we find that for large J and S with fixed u = ^ and k 



V = VJ^ - W = J- + and 



J 

2J' 



^ = J+^u{2 + u)-^u{A + 12u + 8u^ + u^) + ---, u = ^. (3.13) 



^°Note that this solution cannot be analyticaUy continued directly to a physical solution in the 
S'[/(2) sector as was done for a folded string solution in |S] since that would introduce windings in 
the transformed time (a — > i); one will need also to redefine the world-sheet coordinates to keep both 
AdS'^ time coordinates single- valued. 

'^^In this case the string motion is "fast" meaning that each point of the string moves at almost 
the speed of light and thus the induced metric degenerates. 
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W= V/€2 + fc2 = J+— (1 



S 



u 



+ A;2 2jr2 



u{\\uf + ... 



and the energy E = ^f\ E{S, J, k) = E{S, J, k- A) becomes (cf. ^T^] 



(3.14) 



E 



J{l + u) 



2J2 



u 



\3 

■m(i + 3m + m2) + o(— ; 



§.(3.15) 



Given that the string energy looks hke a regular expansion in A, it was suggested in 
(by analogy with previous results for string solutions in SU{2) and SU (3) sectors 
01 0S1 ini HI WI\) and later verified in [28J that the leading order A term in (|3.15|) can 
be reproduced as a one-loop anomalous dimension of a SYM operator from the SL{2) 
sector. 



Finally, let us discuss how the above winding circular string appears (at leading order 
in J') as a solution of the "Landau-Lifshitz" equation (j2I2Zj)-^^ Concentrating first on 
the 5*^ part of the configuration we note that the world-sheet metric hat has, to leading 
order, the following components /iqo = —1, ^oi = —Bi, hu = J'^, h = J"^ + Bl. Then 
()2.20|) and ()2.23p imply (after the rescaling of r so that t = Jr) that a = Jt + mo", 
which is the same as the phase of Xi in ()3.5|) . Turning to the AdS^ part, the Lagrangian 
corresponding to the leading-order term in ()2.28|) is (after rescaling back t — -jaT) 

L = ?7sinh^p — ^ (^p'^ + r^'^ sinh^ p cosh^ , (3.16) 

where we used fl2.13p and introduced 1] = (pi —t (dot and prime are dr and dcr)-^^ The 
corresponding equations of motion have solution with p = po=const provided rj" = 0. 
The solution for r] is then found to be ?7 = gr + /co" , q = 2^(1 + 2ri), implying that 
(pi = Jt + fccT, which indeed is the leading order form of 0i in (j3.5|) . Using (j2.29|) one 
can compute the space-time energy which reproduces the order A term in (j3.15j) . Also, 
the "winding" constraint ()2.33|) leads, to the leading order, to the same condition that 
follows in general from the conformal gauge constraint mj + kS = 0. 



4 One-loop correction to energy of circular solution 

As was already mentioned, for all "homogeneous" circular solutions 23^ like the one 
of the previous section ()3.5|1 the fiuctuation Lagrangian has constant coefficients (to 
all orders in fiuctuation fields) [^HIEIj a property shared with the BMN case where 
one expands near a point-like geodesic [121 [1^1 • That means, in particular, that the 

Circular and folded string solutions of the Landau-Lifshitz equations in the {S, J) sector were also 
discussed in jlHj- In the case of the circular solution, it is important not to do field redefinitions that 
may contradict the required single- valuedness condition for the AdS^ time t{a + 27r, r) = t{a, r). 
^■^Note that after the field redefinition r/ — > —2?] this Lagrangian is the same as (2.31) of |33| . 
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spectrum of quadratic fluctuations can be found explicitly (and one can, in principle, 
also compute subleading corrections to their energies as in the BMN case in JHl)- The 
general procedure of how to do that for a generic quadratic 2-d Lagrangian of the type 
{p = 1, iV, and K, W, M are constant matrices) 

L2 ip Xp -\- KpqXpXq -\- ^VpqXpX g -\- AdpqXpXq , (4.1) 

was discussed in jlHl IH I211-^'^ Assuming that the fields are periodic in a, one sets 

00 2N 
n=— oo 1=1 

where / labels 2N "phase-space" directions. Then the field equations lead to a system 
of linear homogeneous equations for „, i.e. FpqA'j^^ = 0, where Fpq depends on n, cj/ „ 
and the coefficients in the Lagrangian (j4.1|) . It has solutions provided detFpq = 0, which 
gives an order 2N polynomial equation for the characteristic frequencies. As follows 
from the reality conditions, which translate into F'^ {uji^n-,n) = F{—ujj^n, —n), the zero- 
mode (n = 0) frequencies come in pairs, i.e. ui^q = {±u!pfl} {p = 1,...,N). The 
non-zero frequencies can be labelled so that they satisfy uj^n = —^i-n, i-e. can also 
be paired (and associated to creation and annihilation operators upon quantization). 
Then the one-loop correction to the 2d ground state energy is given by the following 
sum of the non-trivial half of the characteristic frequencies p[91| . 

^ N ^ oo 2N 

^2d = - E + ^ E E ■ (4-3) 

^ p=l ^ n=l 1=1 



Here 



a;p,o = sign{Cp)ujpfi , a)/,„ = sign{&^l)uji^n , (4.4) 

(jB ^ \ ^ Q{n)^ ^ \ ^ 

^ 2mii{uJp^Q)uJpflY{q^p{^lfi - ^l,o)' ^'^ mu{u}l^n)I\j^l{^I,n - l^J,n) 

where mn is a minor of F, i.e. the determinant of the matrix obtained from F by 
removing the first row and first column. 

In the case of the circular string solution the number of transverse fluctuations is 
N = 8 and since we are to start with the superstring action [201 we also have the 

""^^Such Lagrangian is readily obtained for the bosonic fluctuations; similar first order or second 
order one is found for the fermionic fields. 

^^For example, for a single real {N = 1) 2d field with mass /i the characteristic equation is cj^ 
71^ + so that i?2d = 5 J2'^=-oo V"-^ + Z-*^ = 5/^ + J2^=i V"'^ + M^- To see that this is the same as 
(|4.3|l we note that in the case of a free massive field sign{Cp )ujp,Q = Iwp^oL sign{C'f^'^)uj i = |i^/,n|- 
(Note that this relation is not true in general - it is true only when half of the frequencies are positive 
and half are negative for n > 0.) This can be seen by writing the matrix F for a system of two 
first-order equations in time: Fn = 71^ + /i^, F12 = i^i,n, F21 — —iuji^n, F22 = 1- Then (|4.3|) gives 
again i/i + X^i^i yn^^-Jj? since for a single massive field with mass /i: — |cj2,n| — \J + A*^ • 
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fermionic modes (see for details). Since in ()3.5|) one has t = kt, the 1-loop 

correction to the space-time energy Ei is then given by 



-1 1 r ^ oo 16 / 

p=l n=l 7=1 ^ 



El = —E2d = — 

K ZK 



(4.6) 



Finally, one would like to expand the parameters in Ei at large J' and compare the 
leading asymptotics of Ei with the subleading term in the SYM anomalous dimension 

The first step is thus to find, as in [23 , the bosonic and fermionic Lagrangians for 
small fluctuations near the circular solution ()3.5|) and then to compute the correspond- 
ing characteristic frequencies. This will be done in the next two subsections 4.1 and 
4.2, where we shall also verify the stability of the solution, i.e. the reality of the char- 
acteristic frequencies and thus of Ei for large enough angular momenta. In section 4.3 
we shall check the UV flniteness of ()4.6p which is a consequence of the conformal invari- 
ance of the AdS^ x superstring theory |Snillll211- We shall also note a possibility of 
evaluating the asymptotics of Ei by interchanging summation over modes with large 
spin expansion. Since the analytic evaluation of the sums involved does not appear to 
be possible we shall then follow ref.|26j and compute the leading asymptotics of Ei at 
large J and flxed S/ J using a numerical method. 



4.1 Bosonic frequencies 

Below we shall review the derivation of the bosonic characteristic frequencies for the 
solution ()3.5|) in the conformal gauge following 1^. Let us consider the S'^-directions 
first. In general, starting with ()2.2|1 - ()2.5|) and expanding Xj — > Xj + Xj one finds the 
quadratic fiuctuation Lagrangian in terms of the 3 complex fields 

Ls = -I daX^d^X* + h X,X* , E(X.X* + X*X,) = . (4.7) 

For the solution ()3.5p X25X3 are decoupled and represented by 4 real massive (with 
mass u, see ()3.7|) ) 2d fields, i.e. they contribute to the energy ()4.6|1 the term 

1 00 

— (4z/ + 2^ 4Vn2 + z/2 ) , u^ = J^-m\ (4.8) 

2^ n=l 

The Lagrangian for the fiuctuations in the AdS^ directions is 

LAds = -I daY'd-Y; - l~A y'y; , (y'y; + y;y^) = o . (4.9) 

^ ^ r=0 

^^As we shall see below, here both the bosonic and the fermionic 2d fields are periodic in a so that 
the sum over n is over the integers. 
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For the solution ()3.5|) the mode Y2 is a decoupled massive complex field or two real 
fields, i.e. it contributes to (|4.6|) as 

-| 00 

— (2/t + 2^ 2Vn2 + K2 ) . (4.10) 

^ n=l 

Setting for the remaining fiuctuation fields 

Xi = e*--+^--((^i + tf,) , Yo = e^''^(Go + iFo) , = e™-+*'='^(G'i + iF,) , (4.11) 
we can solve the conditions in ()4.7jl and ()4.9|1 as 

^71 = , Go = -Gi , (4.12) 

so that the Lagrangian for the 4 real fields (/i, Fq, Fi, Gi) becomes 
z z ro 

+ ]-{Fl + \g\ - F[^ - \g\^) - 2wFiGi + 2A;FiG; . (4.13) 
^ ^0 ^0 

Note that /i couples to (Fo,Fi,Gi) through the conformal gauge conditions. After 
an appropriate linear field redefinitions two of these four modes become massless and 
decouple, and their contribution to the 1-loop effective action (which does not depend 
on the parameters of the background) gets cancelled by the two conformal ghost con- 
tributions. The upshot, as in |21], is that one can simply ignore the constraints on 
fluctuations implied by the conformal gauge conditions and omit two massless lon- 
gitudinal modes. Then the 4 characteristic frequencies corresponding to the two 
remaining real 2d flelds can be found from the following matrix F 

u^^^k^ -^[cj(A;w-m^i;) + n(/tm-ww)] 

^[uj{kw - mw) + n{km - ww)] {00^ - n^) (l - 

where A = |(y^K^ — An'^k'^rKl + rf) — /t^). The detF = condition gives the quartic 
equation (we use n,Ti,k as independent parameters) |2S1 

{to^ - n'^Y + AiIk^uj'^ - 4(1 + r2)(VK2 + F u - knf = . (4.15) 

The 4 roots u = {cu/^n} (/ = 1, 2, 3, 4) are the characteristic frequencies in the discussion 
at the beginning of this section (here I]/=i ^i.n = since there is no term in ()4.15|1 ). 

^^The conformal gauge constraints have the form 2iik^Gi — roK-Fb + ri(wFi +kF{) + 'wfi +mf[ = 0, 
-roKF(5 + 2riw/cGi + ri(wF{ + kPi) + wf[ + mfi = 0. 

^^The same conclusion is found by starting with the Nambu action and using static gauge condition 
on the fluctuation fields. 
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Note that since ()4.15p is invariant under uo —uo, n — > — n, we have, as required, the 
pairing of n 7^ frequencies: Uj^n = —^i-n- The zero modes are given by (using (j3.7j) ) 

= {0,0,wo,-o;o} , c^o = 2^k'^ + (1 + rf)F , (4.I6) 

so that the contribution of these "mixed" modes to the bosonic part of ()4.6|) is thus 

1 / 00 4 \ 

^(^o + EE^^WCSV/,„ I . (4.17) 



n=l 1=1 



The relevant part of the minor ran for computing the signs of C\ ^, is mn ~ 
(u;^ — n^), since (^1 — "^""'^ ^ is always positive. While the 4 roots of the quartic 
equation ()4.15j) can be written down explicitly, the resulting sum in ()4.25j) cannot be 
done analytically for generic values of the parameters. Below we shall discuss a way to 
evaluate the sum in the large spin limit we are interested in. 

In order for the circular string configuration to be stable all bosonic frequencies must 
be real, and this is not a priori obvious for the solutions of ()4.15p . If one expands u;/ „ 
at large n or large JT" (with n and i\ u,k being fixed, cf. ()3.13|) ). one finds that the 
frequencies are real |23j^^ 

+ 0(-^), (4.18) 



n 



2k{l + r^) ± Jn"^ + 4A;2rf (1 + rf 



u;,=3,4;n = ±2^^ ± — K ^ 2 fcn ( 1 + rf ) + 2A;^ ( 1 + 3rf + r^)] + O (— ) . (4. 19) 

As a result, the expression for Ei is real and its comparison to gauge-theory anomalous 
dimension is unambiguous (in contrast to the case of the circular solution from SU{2) 
sector discussed in j21l EE] which is unstable for any Ji = J2). Using the above 
expressions of the frequencies at large the corresponding signs of ci; '^l are found 

to be: sign{Ci%) = sign{C^"'l) = +1 and sign{C'^^) = sign{C^^) = —1. They are 
needed later to compute the energy Ei in the same limit. 

Let us mention that out of all the fluctuation frequencies only the two in (j4.18p scale 
as y at large Jj, while all other (including the fermionic frequencies discussed below) 
scale as J' + y. The two bosonic frequencies of the former type have been reproduced 
from the Landau-Lifshitz action in ()C.5|) : they correspond to deformations along the 
"intrinsic" SL{2) sector directions p and 0i in ()2.13|1 . These two are then the ones 
that should be "seen" also on the SL{2) spin chain side jSSl I2H] (to reproduce other 
frequencies one is to embed the solution into a larger sigma model or spin chain sector). 

^^They are also always real for large n. Numerical analysis shows that for any given n there always 
exists a large enough J" for which all 4 frequencies are real. For small values of J7 ~ 1 and some small 
n the solutions of H4.15() become complex. The stability of the circular (5, J) solution H3.5|) at large 
spin J' is similar to the stability of the 3-spin solution (Ji = J2, J3) which is also stable for large 
enough J3 
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4.2 Fermionic frequencies 

The quadratic part of the AdS^ x superstring Lagrangian evaluated on a bosonic 
solution has a simple form (see jSUl El HI 1211 for details) 

Lp = I (r/»''5" - e"''/^) ¥paD, 9' , pa = T^e^ , = E^iX)daX^ , (4.20) 

where I,J = 1,2, s^"^ = diag(l, —1), Pa are projections of the ten-dimensional Dirac 
matrices and are the coordinates of the AdS^ space for fi = 0,1,2,3,4 and the 
coordinates of for /i = 5, 6, 7, 8, 9. The covariant derivative is given by 

DJ' = (^6''Da - '-e''T,pa^ e\ T,= zTous^ , = 1 , (4.21) 

where Da = da + ^Ua^TAB, ^a^ = daX^u^^. Fixing the ^-symmetry by the same 
condition as in |21I 6^ = 6^ = 6 one gets 



Lf = -WDfO , Dp = -p^Ba - '-e^'paT^pi, . (4.22) 

Labelling the coordinates as follows (cf. ()2.6|) . (12.71) ): 

fi: 01234 56 78 9 
X'': t p e (f), (f)2 ^ ifi ^jj ip2 ^3 (4.23) 

one finds (using ()3.5p . ()3.(i|l ) that the non-trivial components of the Lorentz connection 
uj^^ are cj^^ = —kti, = — wro, = —kiQ , and then 

Df = (KroTo + wriFs + wTe) fi9r - ^/tririo - ^wroTig 



-(A;ri + m Tg) (^d^ - hioTis^ + kKTiToTi24 ■ (4.24) 

We observe that in contrast to the case of the circular string solution considered 
in [211 12n] here Dp does not depend on a, and thus one does not need to apply a 
local rotation to eliminate this a dependence (which in 122] was making the rotated 
fermions antiperiodic in a). To simplify Dp it is useful to do constant rotations in 
(36)-plane and (06)-plane (see Appendix B) which do not affect the periodicity of the 
fermions, so the sum over the fermionic characteristic frequencies will go over integer 
n as in ()4.6|) . 

Since ^ is a Majorana-Weyl lOd spinor, we end up with the total of 16 characteristic 
frequencies (i.e. / = 1, 16) corresponding to 8 physical 2d fermionic modes. Their 
contribution to ()4.6p expressed in terms of the three independent parameters r^, /c is 
found to be (see Appendix B for details) 

1 



— 8cDo + 8^[V'(n + c)2 + a2 + ^(n-c)2 + a2] ), (4.25) 

^'^ ^ n=l 
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where 

cDo = Vc2 + a2 , (4.26) 

1 



2 / 2 I 2\ 2 

a = - K + , 



2 



■^2 _ 2prf)2 - 4Prf(/t2 + , (4.27) 



/^2 _ ^2 _ 2k'^rj 
T'^ ' /s:2-zy2 2(«2 + A;2) " ^^'^^^ 

The large J expansion of the fermionic frequencies in ()4.25|) is (the expansion of ujq is 
obtained by setting = 0) 

„ + e)^ + a' + ^(u - cf + a^ = 2J+ + '''^ + + + 0(1,) (4.29) 
4.3 Evaluation of £"1 

The final expression for Ei in ()4.6|) is thus given by the sum of ()4.8|) . ()4.10p . ()4.17p and 
fl4.25|) . Let us split Ei into the contribution of zero (n = 0) and non-zero (n > 1) 
modes 

E^ = Ef'^ + E^, Ef^ = ^{Av + 2k + uj^-^w^) , (4.30) 

1 00 y 1 4 

El = - 5] 4Vn2 + zy2 + 2Vn2 + /c2 + ^ sz(7n(C;;])a;/,„ 

n=l ^ ^ /=1 

- 4[y'(n + c)2 + a2 + y^(n - cf + a2 , (4.31) 
It is easy to check that the sum over n is convergent. Using the large n asymptotics 



of 



+ 1/2 = |n| + — - + . . . , Vn2 + ^2 = \n\ + — - + . . . , (4.32) 

2\n\ 2\n\ 



and of the 4 solutions of ()4.15p 

1 n . . „ .„ — — — 



'^7-=l,3;n = F 



1 ± — V(l + r2)(v/^^TF - A;)2 - r2K2 + £^ + . . . ^ , (4.33) 



w/=2,4;n = (l T |^\/(1 + rf) ( v^^^^TF + fc)2 - r"?^ + |1 + . . . ) , (4.34) 
we find 

A8„ + H(^!±i:!) + ...,_l8n + l5! + ...i). (4.35) 
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We used here the signs of C'f% for the above expressions of frequencies uJi=i^2,'i,A;n, 

which are sign{C["'^) = sign{C^"^) = +1, sign{C^l) = sign{C^^'l) = —1.^° Thus the 
divergent terms in the sum over n indeed cancel between the bosonic and fermionic 
contributions: according to ()4.27|1 = ^(k^ + z/^). 

We are interested in the large JT" expansion of Ei {J', S, k) at fixed winding number 
k (or m) and fixed S/J'. Let us look first at the zero-mode part Ef^^ ()4.30p which is 
known explicitly. Expanding it at large we find 

< = -^^^ + 0(ij), «=|. (4.36) 

Surprisingly, this already coincides with the result of |2H] for the subleading 1/J cor- 
rection in the 1-loop anomalous dimension p.2|l of the corresponding SYM operator. 
In general, one expects that Ei in ()4.3H) has the following expansion 

i5, = ^ + ^ + .... (4.37) 

To find /2 we are supposed to first do the sum in ()4.3H) and then expand the result at 
large J'. However, given that computing the sum explicitly for any J' does not seem 
possible, one may attempt to first expand the frequencies at large J' and then do the 
sum over n, separately for each coefficient. This may not be consistent in general: 
the procedures of expanding in and summing over n may not commute. 

Applying this procedure of first expanding the frequencies at large 1/J' one finds 
the expected l/jT"^ asymptotics, and moreover, that, remarkably, the coefficient of the 
1 / JT"^ term is given by a convergent sum over n. Explicitly, expanding the bosonic and 
fermionic terms in 1)4.311) at large J we get 



oo 



n=l 

oo 



^1 = E ( 8 + WW^i^^^ + + 4m) + n^n^ + Ak^u{l + u)] + 0{ — 

-l[4n2 + k\l + u){l- 3u)] + O(-l)) = + Oij-J . (4. 



n=l 



Not that exactly the same signs of C|' we found before for the frequencies at large J'. But this 
is not necessarily true for any J' and n. 

^"'^Similar observation applies to the SU{2) case with Ji = J2 considered in j^: there the coefficient 
of the 1 /J^^ term in the zero-mode part of the sum for the 1-loop energy also has the same form as 
the 1-loop gauge theory expression found in pS] , 

^^Indeed, in taking J7 large in the frequencies one assumes that n is fixed, but n can take arbitrarily 
large values in the sum. The consistency of this procedure depends on how rapidly the expansion 
and the sum are converging: it is likely that the sums over n in the coefficients of higher 1/J''' terms 
become divergent at large n, despite the fact that, as we have seen above, the sum in Ei is finite at 
fixed J. Then in general one may not be able to trust the coefficient of the 1 / J''^ term obtained by 
"first expanding, then doing the sum" procedure: one will need to rcsum the (divergent) expansion 
in 1/J. 
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Here /2 is given by the convergent series 



f^(u, k) = --J2 + 2A;^m(1 + u)- n^n^ + Ak^u{l + u) ] , (4.39) 

2 n=l 

and tilde indicates that this is a "naive" value of f2- Note that /2 is a continuous 
negative function of x = 2k'^u{l + m) which vanishes at x = 0. Numerical evaluation 
of the sum in ()4.39|) with n < 10^ gives the following values (for k = 1) 



u 


0.5 


0.6 


0.7 


0.8 


0.9 


1 


1.1 


1.2 


/2 (W, 1) 


-0.56 


-0.85 


-1.22 


-1.68 


-2.23 


-2.88 


-3.65 


-4.53 



The coefficients of higher 0{1/ J"^^) terms in the "naive" expansion ()4.38p are found 
to be divergent, so the 1/ J expansion needs to be resummed, and the correct value of 
/2 need not a priori coincide with /2. Surprisingly, the results of the direct numerical 
evaluation of /2 discussed below turn out to be essentially the same as the above results 
for /2. That means that resummation of the higher l/i7'^, ... terms in ()4.38|1 does not 
change the coefficient of the I/JT"^ term: the "naive" coefficient /2 is actually the correct 
one. 

To compute the sum over n in 1)4.311] numerically at fixed k,u = y and large JT" we 
have ffist simplified the parameters in the frequencies (but not expanding full uj^n at 
fixed n) in (ra . dCTl . lHlHll and using that m = -ku, v'^ = J"^ - k^u"^ and 

that K has expansion given in ()3.13|) . We then estimated the coefficient /2 in ()4.37|) 
for various values of u (for simplicity we set = 1 and considered u of order 1) by 
computing the sum over n with the upper limit = 5000 and varying J' in the interval 
50 < J7 < 1000.^^ We conffimed the form of the expansion ()4.37j) with /2 being non- 
zero. Its numerical values turned out to be the same as given in the table above for /2. 
This demonstrates that for the given solution (and likely in some other similar cases 
where /2 is given by a finite sum) the above procedure of first expanding in large J7 
and then doing the sum is correct at order \j J'^?'^ 

We conclude that the expression for the 1-loop correction to the string energy £"1, 
as obtained from ()4.36|) . ()4.37|) . ()4.39|) . is given by 



El 



k^u{\ + u) 



2J2 



00 

E 

ra=l 



+ 2rM(l 



u] 



nJn2 + 4A;2m(1 + m) 



O(^). (4.40) 



,^4 



^■^As was already mentioned, the solution is stable for large enough J (e.g., J > 50) so the frequen- 
cies here are real. 

^"^It would be desirable of course to find an analytic proof of correctness of this procedure. 
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Appendix A: Large J limit in 5-spin case 

Here we shall consider the expansion of the string action in the case when the string 
may carry all 5 spins (S'l, S'2, Ji, J2, -/s), thus generalizing the discussion in [33] and in 
sect. 2. We shall still assume that isolating of the "fast" variables is done in terms 
of the 3+3 complex string coordinates in ()2.4|l . ()2.5j) . i.e. we shall define y and a as 
in ()2.8|1 . This will not cover the cases of more general string motions (like pulsations 
ISDIII) discussed in [Ml ESI- 
As follows from ()2.9|) . the string Lagrangian takes the form 

^ = -^v^^?"' {-DayD.y + DaaD^a + DaV:D,V'' + DaUtD.U') . (A.l) 

As in the (5*, J)-sector ()2.14|) . we shall again fix the U{1) symmetry by choosing y and 
Vt so that y = t is the time coordinate (that amounts to shifting angles in (j2.6j) by 
—t). Two relevant combinations of charges are (cf. (j2.17|) . (j2.19|) ) 

S-Si-S2= —Py, J = Ji + J2 + J3= ttP-^ 
Jo 2n JO 2n 

where Pa = —y/^g^'^Daa, Py = Pt = —V~99^"'^ay ■ Following fJE\, we shall intro- 
duce as in ()2.20|) the dual coordinate a 

V^g^'D,a = -e^'d^a , (A.3) 

so that after replacing a by a and eliminating the 2d metric, we get as in 1)2.211) 
(Ca = -iU*daUi, see dZHD) 

L = e^^Cadb^ - Vh , (A.4) 

Kt = -DjD.t + daadt& + DlXDb)y'' + DIU*D,)U' . (A.5) 
Choosing the same gauge as in ()2.23|1 . i.e. the static gauge in t and a, 

t = T , a = Ja, (A.6) 

we find L = Cq — \fh with: 

h = \(-Bl + J^ + \D,Vr\' + \D^U,\^){\DoVr\' + \DoU,\^-{l + Bof) 

- [-B,{l + Bo) + ^{D*V;D,V'' + D*U*DiU' + c.c.)f\ (A.7) 
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Expanding at large J as in section 2 we get the action ()2.24|) with ()2.26|) replaced by 
+ ^i(\DiVr\^ + + 4{\DoVr\^ + \DoU,\^) - AtV; doV {\D,Vr\^ + \DiU,\^) 

+ ATy;diV{D;v;DiV' + d;u*DiU' + c.c.)] + o(^) . (a.s) 

Finally, we can eliminate the time derivatives from the l/jT^ term using leading-order 
equations and then obtain the 2d energy. Matching it with the charge E — Si — S2 v/e 
obtain the space-time energy. 

As in the {S, J)-sector, any possible winding of a closed string along the two angles 
of AdS^ is assumed to be absorbed into Vi^2 (t must be single- valued) , but in contrast 
to the case of the {S, J)-sector, now it is natural to absorb any possible windings in 
the three angles into Ui (see also 35 ). Then we get (cf. ()2.3H) ) Jq"" ^dia = 0, and 
using ()A.3|) we obtain an additional constraint on the solutions 

^'^ da ^ „ do h, 



27r Jo 2n^/h 

where 

V = + Bo) + ^iD;v;DiV' + D*U*DiU' + c.c.) (A.IO) 

Rescaling r J'^t , do — > -j2do and expanding in large J' this becomes fcf. (j2.33|) ) 



2 J2 Jo 2tt 

+ {D*V;DiV + D*U*DiU' + c.c. 



iV;diV^{\DiV\' + \DiU, 



1 

'J- 

One can again eliminate the time derivatives here using the equations of motion. 



+o(— ). (A.ii: 



Appendix B: More on fermionic frequencies 

The fermionic operator given in ()4.24j) can be simplified (as in |j24]i) by performing 
appropriate rotations in the (36) and (06)-planes: 



smp 



m 



w 



sinhg = — - — . 



Then rotated Dp becomes (we rescale it by an overall factor \J\{i^'^ — i^"^)) ^ 

rorifc2 /cwrgr; 



D'p = To 



dr + 



^2{k^ - v^) '° ^2{k^ - z/2) 



r 



Km w 



w 



13 



W — Z/2 



16 



^Some useful relations are wcoap — wri sinp — + fc^r^, + k'^x\ ~ — v^), 

kxq sinhg + (w cosp — ujti sinp) coshg = 0. 



(B.l) 
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2kK,TQT 



; =rio ; =ri3 H — 5 ^-F] 

Tm . (B.2) 



2(/t2 - 

To find 16 characteristic frequencies we replace 8^ by iu and c^o- by in and solve the 
equation detD^=0 for u. To simplify the problem may first restrict to the subspaces 
T240 = ±iO (r24 commutes with other matrices in D'p). Then 

Dp = iiuTo - inTs± iaVi + cFoie + curiae , (B.3) 



where 



'\/2kKiQTi Kmw'^ — w"^ , kKmi'i 

a = . „ . , c = , d = — . B.4 

V K — W — Z/"= — 

Multiplying ()B.3|) by Tq we can further restrict to the subspaces Foise^ = ^iO (Toise 
commutes with r24). The sign degeneracy leads to simple degeneracy in the frequencies 
and we finish with the following characteristic equation 

±2du - a"^ - + (f ±2cn-n'^ = . (B.5) 

Its solution is 



uj = ±^{n±cy + a'^ ±d . (B.6) 

There is also an extra factor of 2 degeneracy making up the total 16 of fermionic 
frequencies in ()4.6j) . One can show that + is always bigger than d"^ and that 
a2 > d"^ for J > k (which is the large J region we are interested in). 

We observe that for any n half of the fermionic frequencies are positive and half 
negative. According to [IH], we expect that in this case sign{Cj^p)ujf^ = |a;f„|. As one 
can check, this is indeed true here. Then taking into account that the square root term 
in the absolute value of uj in ()B.6|) is bigger than d,"^ we are led to ()4.25|) . 



Appendix C: Landau-Lifshitz frequencies 

The characteristic frequencies obtained from the Landau-Lifshitz Lagrangian ()3.16j) 
should form a subset of all bosonic characteristic frequencies expanded at large J'. We 
can obtain the quadratic fluctuation Lagrangian around the {S, J) solution discussed 

^Note that this is true for any J' in the large n region relevant for checking the finiteness of the 
sum in 14.35|) which should hold for any value of J^. 
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in section 3 by introducing the fluctuations r] rj + rj, p ^ Po + p and expanding to 
quadratic order in fj, p. We then find that the characteristic frequencies are given by 



UJ± 



1 
2J 



2nk{l + 2rf) ± nJn^ + Akhj{l + r 



(C.i: 



These frequencies should be seen from the Bethe ansatz as in 

Note, however, that the above frequencies differ from the expansion of the full string 
frequencies in ()4.18|) by the term !!:^.3 ^j^g resolution to this puzzle is that one has 
to match carefully the solution of the Landau-Lifshitz model (obtained from string 
theory action using uniform gauge) and the string solution obtained in the conformal 
gauge. Let (r„, be the world-sheet coordinates of the uniform gauge, and (tc, cTc) 
the coordinates of the conformal gauge. For the circular solution ()3.5|) in the conformal 
gauge one has r] = (pi — t = wTc + kcTc — kTc, so that expanding at large J' we get 



V 



— —Tc + kac 
2 J 



(C.2) 



In the uniform gauge we have (here we have rescaled ()3.16|) by r — > J't giving t = 
J^T, a = Jt + mo", as appropriate for comparison to the circular solution in conformal 
gauge) 

fc2(l + 2r2) 



2J 



ka„ 



We see that the above expressions match when the two gauges are related by: 



a-,, 



(Jr. 



J 



(C.3) 



(C.4) 



Given that the fiuctuations are proportional to e*^'^+*"'^ this change would produce the 
following frequencies in the conformal gauge 



1 



2nk{l + tI) ± nJn^ + 4Prf (1 + ij] 



(C.5) 



These are indeed the same as the frequencies obtained directly by expanding the string 
theory frequencies in ()4.18|) . 
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